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tions. It is planned to present solutions to the equations con-
taining higher degree terms in future papers.

Derivation of the Solution

The radial equation of motion in two-body theory is given
as

and one has

By proper selection of the system of units, one may set the
gravitational constant /z and the major semiaxis a both equal
to 1. In this system, the angle traversed in unit time over a
circular orbit of unit radius is 1 rad. Then,

f + 1/r2 - (1 - e2)/r3 = Of

where e is the eccentricity. Let

r = r0 + AT Ar/ro = a

Then,
l/r2 = 1/ro2(1 _ 2a)

neglecting terms of higher degrees, and
l/r-3 = i/ro3(i _ 3a) f = Af = rQa

Then, from Eq. (1),

(1)

Rearranging terms,

3(1 - e2)
~~

(1 -
~

Let

or

0,2 = 3(1 - e2)Ao4 - 2/r0
3

co2 = 2/r0
3 - 3(1 -

so that co2 > 0;
c = (i - 62)/r0

4 -
(Note that oj is positive, a frequency or growth-decay rate.)
Then the solution to (2) is

a = 20/co2 sin2co£/2 + r0/(wr0) sinorf (3a)
a = -2C/co2sinh2co£/2 + rQ/(urQ) sinhcoZ (3b)

When co = 0, Eqs. (3) reduce to

2e
+ 3,

1/2 t
2 (4)

One knows, for example, that at apapsis (t = TT), a must equal
2e/(l — e). Equation (4), therefore, yields a fair approxima-
tion even in this extreme case, being correct to the first degree
in e.

The change in true anomaly v from initial value VQ is given
by the expression relating angular momentum magnitude h to
dv/dt§:

Since

one has

therefore

dv/dt = h/r2

h = [fia(l - e2)]1/2 = (1 - e2)

^ ^ (1 - 62)l/2

dt ~ r2

/
/ /7/*tdj_
o r*

This integral is approximated as follows:

7* = ,7(1 - 2a)

V — VQ =
[1 - e2]1/2

- 2a)

Using (3a) for a in the forementioned integral gives, for ex-
ample,

V — VQ =
(1 -

— (sinco£ — sin cofo) — -r- (coso;£ — coscofo)
or arro

§ Conventional methods may be more suitable (Kepler, Bar-
ker, Gauss).

in the circular function case, and reduce to

a = (f0*/r0) - i*2Ao3 + . . •
by the use of hyperbolic functions. Of course, since Ar was
assumed small, one could not expect agreement past the first-
degree term in a rectilinear case.

In order for orbits to have solutions of type (3b), one finds
that the condition (2.1b) implies r0 > -f (1 — e2). Inasmuch as
7*0 attains a maximum value of 1 + e, t one finds that 1 + e >
f (1 — e2), or e > |. That is, (3b) will not occur as a solution
unless e > |.

A simple check of Eq. (3a) can be made for small e by taking
periapsis as starting point. Here,

r0 = 1 — e
1 + 3e

r, = 0

C =
(1 -

t In hyperbolic orbits, read? + 1/r2 — (e2 — l)/r3

t Apapsis, elliptic orbits only.
0.
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IN the continuing engineering development aimed toward
the improvement of lifetime and reliability in ion engines,

the emitter remains one of the critical areas. Inasmuch as
the prospective missions require that the emitter function
for thousands of hours at high temperatures, an engineering
program has been initiated to determine the feasibility and
characteristics of emitters made from thin solid plates into
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Fig. 1 Test emitter design.

which holes of the correct dimension have been placed. This
type of emitter promises to be more durable and also more
precise in regard to hole location and spacing than the con-
ventional sintered powder disk or strip. In the present
paper, a brief report is given on progress to date in evaluating
such emitters with regard to durability and cesium flow
characteristics.

An initial test emitter design was selected which is a com-
promise between the theoretical hole size required (as indi-
cated by such analyses as given in Refs. 1 and 2, for ex-
ample) and the present limits of manufacturing technology.

Pore sizes as low as 2ju were used in some phases of the tests.3
In general, lOju was the target pore diameter, as shown in
Fig. 1.

Inert Gas Flow Tests

Prior to high-temperature cesium flow testing, a series of
low pressure inert gas (nitrogen) flow tests were performed to
check the validity of flow calculation techniques and also to
provide a measure of the effects of operation with cesium (by
comparative before and after tests). One series of inert gas
tests was performed on a group of electro-deposited nickel
screens containing uniform hole openings of from 2 to 7.5ju
with length to diameter ratios (L/D) of from 1.6 to 5.6. The
molecular flow conductance (rate of flow per unit difference of
pressure between the ends of the channel) was calculated
and also measured for these samples. Since the electro-de-
posited channels had conical entrance and exit sections, the
flow rate would be expected to have a value between the flow
predicted for a straight-sided channel having the minimum
opening dimension and a zero-length orifice. Furthermore,
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Fig. 3 Electron beam-drilled tungsten emitter. Average
hole diameter, 15 /*; edge-to-edge spacing, 85 ju.

it would be expected that the effect of the entrance and exit
portions would be minimized as the channel length is in-
creased. The test results are shown in Fig. 2. It is evident
that for an L/D of about 2 (where L is taken as the sample
thickness) sensibly orifice flow exists. As L/D is increased,
the measured values more nearly approach the values cal-
culated for the straight-sided channel.

Thus, the validity of calculation techniques (given by Ref.
4) was confirmed for this flow regime. Similar inert gas flow
tests were used to establish a geometric correction factor for
use in cesium flow calculations for the actual tungsten and
molybdenum emitter samples. That is, the ratio of the
measured flow conductance to the calculated flow conduc-
tance (assuming a cylindrical pore with a diameter equal to
the minimum measured pore diameter) is used as a correction
factor to account for the noncylindrical nature of the actual
pore. The method used for these inert gas tests was a con-
stant volume isothermal pressure decay technique, essentially
as described in Ref. 2.

Cesium Flow Tests

Following inert gas flow testing, the emitters were sub-
jected to high-temperature cesium flow tests to simulate
actual operating conditions. After each cesium flow test, the
hole diameter and nitrogen flow conductance were measured
to determine effects of cesium flow. Hole diameters were
measured on a metallurgical microscope using both back and
front lighting. It was found that cesium had no apparent
effect on hole size or emitter configuration. One electron
beam-drilled emitter sample accumulated over 83 hr of cesium
flow testing at 1200°C with no measurable change in hole size
or flow conductance.5
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During these flow tests, a measured amount of cesium was
passed through the emitter for a known length of time at a
constant value of cesium vapor pressure. A time-average
cesium flow rate was obtained for each test. Comparison of
this observed flow rate with the flow rate calculated for the
same conditions and assuming only free molecular vapor
flow showed that the measured flow rates were from 6 to 15
times the calculated values. Surface diffusion flow is to be
expected in such a system, however. An indication of the
relative magnitude of this surface diffusion component of flow
is given in an analysis by Winter bottom and Hirth.6 The
ratio B of the surface diffusion component of flow to the
molecular component is given by the expression

Table 1 Comparison of drilling methods

Min. present hole
Method diam, //, Material L/D

B = IS/IV = 2K1(ER)/ERKQ(ER)

where
/s = surface diffusion component of flow
Iv = molecular component of flow
l/E = root mean square diffusion length on the surface =

(Dsr)lf2, where Ds is the surface diffusion co-
efficient, T residence time of an atom on the
surface, R radius of pore, and KI and KQ are
modified Bessel functions of the second kind of
zero and first order, respectively.

Using the observed values of the system variables (pore
radius, temperature) for a typical cesium flow test yields a
calculated value of B = 3.5. The corresponding values of B
based upon the observed time average cesium flow rate were
B = 5 to B = 14. It should be noted that this value of
B = 3.5 appears to represent a maximum figure, since a zero
length orifice was assumed for this calculation. However, the
values of Ds and r under the actual operating conditions (i.e.,
the effects of surface contamination and crystallographic
orientation) are not known with sufficient accuracy to draw
a firm conclusion from this apparent anomaly. No other
published data are known to the authors on cesium flow
through small holes of fairly precise size and location.

Fabrication Techniques

A variety of fabrication processes was investigated in pro-
curing the perforated emitters used for this study. The tech-
niques included 1) laser drilling, 2) photoetching (chemical),
3) electron beam drilling, and 4) rotating mechanical drilling.

The laser demonstrated capability of drilling small holes in
refractory metals. However, because of its early stage of de-
velopment, insufficient uniformity or reproducibility was ob-
tainable; therefore, laser samples were not tested.

Photoetching is a selective chemical etching process using
photographic techniques to produce the image on the piece to
be etched. Several samples made by this technique contained
1600 holes in the 15- to 20-/x diam range. These holes were
etched in molybdenum 0.0005 in. thick. A large number of
holes are made at one time; therefore, the process is relatively
inexpensive. In addition, being basically a photographic re-
duction process, the master from which the screens are made
can be many times the actual size, resulting in hole spacing
controlled within very precise limits. On the other hand,
present technology does not permit the use of tungsten in
this process, and the target 10-ju diam is near the limit of the
present state of the art. In this range, as the diameter is re-
duced, control of hole size also decreases. The largest single
disadvantage of this process, however, is the apparent present
limitation of L/D = 1, thus requiring very thin foils for small
flow passages. It is possible, however, to reinforce such a
thin foil with a thicker grid or mesh to provide mechancal
strength.

Hole sizes as small as 2/x in diameter with an L/D of 3 can
be obtained in some materials with the use of the rotating
mechanical drill technique. The process obviously becomes
more difficult when working with the refractory metals such

Laser
Photoetch
Mechanical drilling

Electron beam
Electro-deposit

*a

10-20
2

10
12
2

Tungsten *
Molybdenum 1
Steel 3
Molybdenum 3
Tungsten 10
Nickel 7

a An asterik indicates that the procesi
precise figures cannot be given.

is still under development and

as tungsten and molybdenum. Holes of lOju have been made
by this process in molybdenum sheets, but with considerable
attendant dulling and breakage of the drills. However, when
the same process was used to drill through and "clean-up"
undersize holes previously made by the photoetch process, it
was found that the technique was satisfactory. This can be
a method of obtaining the desired hole sizes and dimensions,
although the procedure remains a tedious one.

The most promising fabrication technique to date has been
a method of electron beam drilling. Figure 3 illustrates one
of the earliest electron beam-drilled samples; hole size is 15ju,
spaced on 100-ju centers. The results to date indicate that
small-diameter holes at a relatively high L/D are readily
drilled in tungsten, with continuing progress being made in
reducing hole size and spacing. For example, 12-ju-diam
holes with 55-ju edge-to-edge spacing have been drilled in
0.005-in.-thick tungsten (L/D = 10). Diameter is quite re-
producible, the present variation being ±2AC on a 12-ju diam.
The process readily lends itself to automatic programming,
thereby making it economically feasible to drill a large number
of holes. (Although the holes are drilled singly, the drilling
time per hole is approximately 0.5 sec.) In addition, groups
of holes can be drilled at different locations in a large plate
or emitter assembly, thus eliminating some of the usual weld-
ing or brazing operations associated with emitter mounting.

A comparison of the drilling methods is given in Table 1.
It should be noted that these are initial results and that con-
tinued development of existing and new techniques is in
process with the prospect of providing smaller holes with
closer spacing.

Summary

Initial evaluation of perforated ion emitters under high-
temperature cesium flow conditions indicates that little or no
change of porosity with time was encountered. An electron
beam-drilled emitter was run at 1200°C with cesium flow for
83 hr with no apparent change in hole size or flow conductance.
In addition, the discrete and measurable pore openings (as
opposed to the random passages in sintered emitters) permit
calculations of emitter cesium flow rates. Typically, the
calculated value of the ratio B was 3.5, whereas the observed
value ranged from 5 to 14.

Of the various fabrication techniques investigated, electron
beam drilling has provided the most satisfactory results to
date with regard to reproducibility of hole size and spacing.
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formation (2), Eq. (4.3) becomes

= k(Ua6)yy + /ifa,)* (5)

The function 6 should satisfy the condition (3) at the wall, and
T — T" w

Thermal Boundary Layer in Slip
Flow Regime
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\7"ELOCITY-slip and temperature-jump boundary condi-
* tions replacing the classical conditions of no-slip and con-

tinuous temperature distribution have formed the basis of
study of many a problem1 ~5 in rarefied gas dynamics. First-
order slip boundary conditions (neglecting thermal creep
terms) are given by

(1.1)
- Tw =

where

\
A

2 - 2T

/i 7 + 1

f being the Maxwell's reflection coefficient, /i the thermal
accommodation coefficient, X the mean free path of the fluid
at the surface, 7 the specific heat ratio, Pr the Prandtl num-
ber, and Tw the wall temperature.

Putting

= uL/Lld = uadT - Tw (2)

where a = L/Z/i, the condition (1.2) reduces, on using (1.1),
to the form

= 0 (3)

Thus the transformation (2) simplifies the temperature jump
condition considerably. It is much easier to manage with
condition (3) than its original form (1.2), particularly when
Von Mises' transformation is used.

Hasimoto2 has obtained a solution in power series of x
to the boundary-layer momentum equation for the flow past a
flat plate under slip conditions using Von Mises' transforma-
tion. Hassan3 has extended this analysis to include the flows
of a certain class of outer pressure distributions. In the
present note, the author will follow Hassan's analysis to solve
the corresponding energy equation using the transformation
(2) and thus the simplified boundary condition (3). Two-di-
mensional incompressible boundary-layer momentum and
energy equations are given by

UUX + VUy = VVX + VUyy (4.1)

Ux + Vy = 0 (4.2)

PCP(UTX + VTy) = kTyy + ^Uy)^ (4.3)

where V is the freestream velocity. Introducing the trans-
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where Tm is the freestream temperature. Taking (x,\l/),
where \f/ is the stream function, as independent variables in-
stead of (x,y)j Eq. (5) can be written as

and the boundary conditions (3) and (6) reduce to

0* = O a t ^ = 0 0-+ T~~a
Tw3ist^ co (8)

Introducing the dimensionless variables defined by

^
7 = ̂

d = \L
(9)

Cph«

(1 2) -^ (7) takes the form

_
Pr\

Correspondingly, the boundary conditions (8) are trans-
formed to

g ~> £«, as 17 (11)

where

Following Hassan, assume series solutions for 0 and g in
powers of £, viz.,

W^ (12)

and suppose that h can be expanded into the form

(13)

Now consider the cases for a = 1 and a = J. It may be
remarked that experimental and theoretical evidence4 cor-
responds more to the latter case.

The Case of a. = 1

Substituting (12) and (13) into (10) and equating the
coefficients of like powers of £, one obtains the equations for

(14)

where Sn(r}) involves gi, g^ . . .gn-i, <fc, . . .0», their derivatives,
and the constants aQ, 0,1, . . .an~\. Introducing the variables

(15)
Eq. (14) can be written as

where primes denote differentiation with respect to f .


